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Abstract
Some norm inequalities for weighted power means of Hilbert space operators are proved
for the general class of unitarily invariant norms. These inequalities generalize a recent in-
equality of Jocic´. Equality conditions of some of these inequalities for the Schatten p-norms
are also obtained. © 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction
Let B(H) denote the C∗-algebra of all bounded linear operators on a complex
separable Hilbert space H . For a compact operator A ∈ B(H), let s1(A)  s2(A) 
· · ·  0 denote the singular values of A, i.e., the eigenvalues of the positive operator
|A| = (A∗A)1/2, arranged in a decreasing order and repeated according to multiplic-
ity. For 1  p <∞ , the Schatten p-class Cp is defined to be the set of all compact
operators A for which
∑∞
j=1 s
p
j (A) <∞.
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For A ∈ Cp, the Schatten p-norm of A is defined as
‖A‖p =

 ∞∑
j=1
s
p
j (A)


1/p
.
It is also known (see, e.g., [10, p. 27]) that
‖A‖p = sup

 ∞∑
j=1
∣∣〈Aej , fj 〉∣∣p


1/p
,
where the supremum is taken over all orthonormal sets {ej } and {fj } in H .
It is convenient to let C∞ denote the class of compact operators, and in this case
‖A‖∞ = s1(A) is the usual operator norm.
The usual operator norm and the Schatten p-norms are special examples of uni-
tarily invariant (or symmetric) norms. With the exception of the usual operator norm,
which is defined on all B(H), each unitarily invariant norm ||| · ||| is defined on a
two-sided ideal C|||·||| that is included in C∞. This ideal, which is called the norm ide-
al associated with ||| · |||, is a Banach space under this norm. Each unitarily invariant
norm satisfies the invariance property |||UAV ||| = |||A||| for every A ∈ C|||·||| and
every unitary operators U,V ∈ B(H). For the general theory of unitarily invariant
norms, we refer to [1,2,9,10].
In his recent work on norm inequalities for self-adjoint derivations, Jocic´ [5]
proved that if A,B ∈ B(H) are self-adjoint, α ∈ (0, 1), and r  1, then∣∣∣∣∣∣|αA+ (1 − α)B|r ∣∣∣∣∣∣  ∣∣∣∣∣∣α|A|r + (1 − α)|B|r ∣∣∣∣∣∣ (1)
for every unitarily invariant norm.
Also, in his recent work on Cauchy–Schwarz norm inequalities, Kittaneh [6]
proved that if Ai,Xi, Yi ∈ B(H), i = 1, . . . , n, and r > 0, then∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
X∗i AiYi
∣∣∣∣∣
r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
2

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(
n∑
i=1
X∗i
∣∣A∗i ∣∣Xi
)r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(
n∑
i=1
Y ∗i |Ai |Yi
)r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ (2)
for every unitarily invariant norm.
The purpose of this paper is to establish weighted power mean inequalities gen-
eralizing Jocic´ ’s inequality (1) and to investigate the equality conditions of some of
these inequalities for the Schatten p-norms.
In Section 2, we present some generalizations of inequality (1) based on inequality
(2) and some convexity results.
In Section 3, we utilize the fact that, for 1  p <∞, the Schatten p-norms are
strictly increasing to discuss the equality conditions of some weighted power mean
inequalities for self-adjoint operators and for the Schatten p-norms.
Finally, in Section 4 we give some related inequalities involving power means of
positive operators.
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2. Generalization of Jocic´’s inequality
To give our generalizations of Jocic´’s inequality, we need the following lemmas.
The first lemma concerns the operator concavity of the power function f (t) = t r on
[0,∞) for 0 < r  1 (see, e.g., [1, Chapter V] or [7]).
Lemma 1. Let Ai,Xi ∈ B(H) such that Ai  0, i = 1, . . . , n,∑ni=1 X∗i Xi  I,
and 0 < r  1. Then
n∑
i=1
X∗i Ari Xi 
(
n∑
i=1
X∗i AiXi
)r
. (3)
In particular, if αi ∈ (0, 1), i = 1, . . . , n, with ∑ni=1 αi = 1, then
n∑
i=1
αiA
r
i 
(
n∑
i=1
αiAi
)r
. (4)
For 0 < r < 1, equality holds in (4) if and only if A1 = · · · = An.
The second lemma is a well-known result (see, e.g., [10, p. 21]), which can be
proved by using the spectral theorem and Jensen’s inequality.
Lemma 2. Let A ∈ B(H) such that A  0. If x is any vector in H with ‖x‖  1,
then
〈Ax, x〉r  〈Arx, x〉 (5)
for all r  1.
The following characterization of compact operators is useful in our analysis (see,
e.g., [8, p. 59]).
Lemma 3. An operator A ∈ B(H) is compact if and only if 〈Aej , ej 〉 → 0 as j →
∞ for every orthonormal set {ej } in H .
We now present our first norm inequality for weighted power means of positive
operators. This inequality is crucial in our first generalization of Jocic´’s inequality.
Theorem 1. Let Ai,Xi ∈ B(H) such that Ai  0, i = 1, . . . , n,∑ni=1 X∗i Xi  I,
and r  1. Then∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(
n∑
i=1
X∗i AiXi
)r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
X∗i Ari Xi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ (6)
for every unitarily invariant norm.
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Proof. It follows from inequality (3) in Lemma 1 that
n∑
i=1
X∗i AiXi 
(
n∑
i=1
X∗i Ari Xi
)1/r
. (7)
For the usual operator norm, inequality (6) follows immediately from (7). To prove
inequality (6) for other unitarily invariant norms, we need to assume that ∑ni=1X∗i
Ari Xi is compact. In this case, it follows from (7) and Lemmas 2 and 3 that
∑n
i=1X∗i
AiXi is also compact. Thus, by (7) and the min-max principle of compact positive
operators (see, e.g., [1, p. 58] or [2, pp. 25–26]), it follows that
sj
((
n∑
i=1
X∗i AiXi
)r)
 sj
(
n∑
i=1
X∗i Ari Xi
)
(8)
for j = 1, 2, . . . Now inequality (6) follows from (8) in view of the fact that unitarily
invariant norms are increasing functions of singular values (see, e.g., [1, p. 52] or [2,
p. 71]). 
Using the min-max principle and the spectral theorem for compact positive oper-
ators, we have the following inequality, which is equivalent to (8).
Corollary 1. Let Ai,Xi ∈ B(H) such that Ai  0, i = 1, . . . , n,∑ni=1 X∗i Xi 
I, r  1, and
∑n
i=1 X∗i Ari Xi is compact. Then(
n∑
i=1
X∗i AiXi
)r
 U∗
(
n∑
i=1
X∗i Ari Xi
)
U (9)
for some unitary operator U ∈ B(H).
Remark 1. It should be remarked here that, for 1  r  2, an inequality stronger
than (9) asserts that ifAi,Xi ∈ B(H) such thatAi  0, i = 1, . . . , n,∑ni=1 X∗i Xi 
I , and 1  r  2, then(
n∑
i=1
X∗i AiXi
)r

n∑
i=1
X∗i Ari Xi. (10)
This is due to the operator convexity of the function f (t) = t r on [0,∞) for 1 
r  2 (see, e.g., [1, Chapter V] or [7]).
Our first generalization of (1), which is an immediate consequence of (2) and (6),
can be stated as follows.
Theorem 2. Let Ai,Xi, Yi ∈ B(H), i = 1, . . . , n, such that ∑ni=1 X∗i Xi  I,∑n
i=1 Y ∗i Yi  I, and r  1. Then
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∣∣∣∣∣
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X∗i AiYi
∣∣∣∣∣
r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
2

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
X∗i
∣∣A∗i ∣∣rXi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
Y ∗i |Ai |rYi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ (11)
for every unitarily invariant norm. In particular, if Ai is normal, i = 1, . . . , n, then∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
X∗i AiXi
∣∣∣∣∣
r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
X∗i |Ai |rXi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ (12)
for every unitarily invariant norm.
Lemmas 2 and 3 enable us to give another considerable generalization of Jocic´’s
inequality for the case r  2.
Theorem 3. Let Ai,Xi ∈ B(H) such that Xi is a contraction, αi ∈ (0, 1), i = 1,
. . . , n, with
∑n
i=1 αi = 1, and r  2. Then∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
αiAiXi
∣∣∣∣∣
r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
αiX
∗
i |Ai |rXi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ (13)
for every unitarily invariant norm.
Proof. Let y be any unit vector in H . Then〈(
n∑
i=1
αiX
∗
i |Ai |rXi
)
y, y
〉

n∑
i=1
αi
〈
X∗i |Ai |2Xiy, y
〉r/2
(by Lemma 2)
=
n∑
i=1
αi ‖AiXiy‖r

(
n∑
i=1
αi ‖AiXiy‖
)r
(by Jensen’s inequality)

∥∥∥∥∥
n∑
i=1
αiAiXiy
∥∥∥∥∥
r
=
∥∥∥∥∥
∣∣∣∣∣
n∑
i=1
αiAiXi
∣∣∣∣∣ y
∥∥∥∥∥
r

〈∣∣∣∣∣
n∑
i=1
αiAiXi
∣∣∣∣∣ y, y
〉r
. (14)
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For the usual operator norm, inequality (13) follows immediately from (14). For oth-
er unitarily invariant norms, we need to assume that
∑n
i=1 αiX∗i |Ai |rXi is compact.
In this case, it follows from (14) and Lemma 3 that ∣∣∑ni=1 αiAiXi∣∣ is compact, and
so
∑n
i=1 αiAiXi is compact. Now, by (14) and the min-max principle, we have
sj
(∣∣∣∣∣
n∑
i=1
αiAiXi
∣∣∣∣∣
r)
 sj
(
n∑
i=1
αiX
∗
i |Ai |rXi
)
(15)
for j = 1, 2, . . . , which yields inequality (13). 
Remark 2. It should be mentioned here that Theorem 2 does not hold for 1  r <
2. To see this, consider
A1 =
[
1 0
0 0
]
, A2 =
[
0 1
0 0
]
, X1 = X2 =
[
1 0
0 1
]
,
α1 = α2 = 12 , and r = 32 . Then
s1
(∣∣∣∣12A1X1 + 12A2X2
∣∣∣∣
3/2
)
= 2−3/4 > 1
2
= s1
(
1
2
X∗1 |A1|3/2 X1 +
1
2
X∗2 |A2|3/2 X2
)
.
This example also shows that, for 1  r < 2, Jocic´’s inequality (1) does not hold for
arbitrary (i.e., not necessarily self-adjoint) operators, not as inadvertently stated in
[5, Theorem 3.4].
An equivalent version of inequality (15) can be seen in the following corollary.
Corollary 2. Let Ai,Xi ∈ B(H) such that Xi is a contraction, αi ∈ (0, 1), i =
1, . . . , n, with
∑n
i=1 αi = 1, r  2, and
∑n
i=1 αiX∗i |Ai |rXi is compact. Then∣∣∣∣∣
n∑
i=1
αiAiXi
∣∣∣∣∣
r
 U∗
(
n∑
i=1
αiX
∗
i |Ai |rXi
)
U (16)
for some unitary operator U ∈ B(H).
3. Equality conditions
In this section, we give necessary and sufficient conditions for equality to hold in
some special cases of inequalities (6) and (12).
Using the Clarkson inequalities for the Schatten p-norms for 1 < p <∞ (see,
e.g., [4] and [10, p. 20], and references therein) and a trace argument for p = 1, one
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can easily see that, for 1  p <∞, the Schatten p-norms are strictly increasing in
the following sense. This can be also seen by appealing to [2, p. 26].
Lemma 4. Let A,B ∈ Cp for some p with 1  p <∞. If 0  A  B and ‖A‖p =
‖B‖p, then A = B.
In the following proposition, we investigate the equality condition of inequality
(6) for the Schatten p-norms.
Proposition 1. Let Ai,Xi ∈ B(H) such that Ai  0, i = 1, . . . , n,∑ni=1 X∗i Xi 
I, r  1, and
∑n
i=1 X∗i Ari Xi ∈ Cp for some p with 1  p <∞. Then∥∥∥∥∥
(
n∑
i=1
X∗i AiXi
)r∥∥∥∥∥
p
=
∥∥∥∥∥
n∑
i=1
X∗i Ari Xi
∥∥∥∥∥
p
if and only if(
n∑
i=1
X∗i AiXi
)r
=
n∑
i=1
X∗i Ari Xi.
Proof. Since∥∥∥∥∥
(
n∑
i=1
X∗i AiXi
)r∥∥∥∥∥
p
=
∥∥∥∥∥
n∑
i=1
X∗i Ari Xi
∥∥∥∥∥
p
if and only if∥∥∥∥∥
n∑
i=1
X∗i AiXi
∥∥∥∥∥
rp
=
∥∥∥∥∥∥
(
n∑
i=1
X∗i Ari Xi
)1/r∥∥∥∥∥∥
rp
,
the result follows from inequality (7) and Lemma 4. 
If, in Proposition 1, we replace the contractions Xi by
√
αiXi , where αi ∈ (0, 1),
i = 1, . . . , n, with ∑ni=1 αi = 1, then we get the following related result.
Proposition 2. Let Ai,Xi ∈ B(H) such that Ai  0, Xi is a contraction, αi ∈
(0, 1), i = 1, . . . , n, with ∑ni=1 αi = 1, r > 1, and ∑ni=1 αiX∗i Ari Xi ∈ Cp for some
p with 1  p <∞. Then∥∥∥∥∥
(
n∑
i=1
αiX
∗
i AiXi
)r∥∥∥∥∥
p
=
∥∥∥∥∥
n∑
i=1
αiX
∗
i A
r
i Xi
∥∥∥∥∥
p
if and only if(
X∗i AiXi
)r = X∗jArjXj for i, j = 1, . . . , n.
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Proof. If∥∥∥∥∥
(
n∑
i=1
αiX
∗
i AiXi
)r∥∥∥∥∥
p
=
∥∥∥∥∥
n∑
i=1
αiX
∗
i A
r
i Xi
∥∥∥∥∥
p
,
then by applying Proposition 1 to the contractions √αiXi, i = 1, . . . , n, we see that
n∑
i=1
αiX
∗
i AiXi =
(
n∑
i=1
αiX
∗
i A
r
i Xi
)1/r
. (17)
But, by inequality (4) in Lemma 1, we have
n∑
i=1
αi
(
X∗i Ari Xi
)1/r 
(
n∑
i=1
αiX
∗
i A
r
i Xi
)1/r
. (18)
Invoking the case n = 1 of inequality (3), which is a special case of Hansen’s in-
equality [3], we have
X∗i AiXi 
(
X∗i Ari Xi
)1/r (19)
for i = 1, . . . , n, and so
n∑
i=1
αiX
∗
i AiXi 
n∑
i=1
αi
(
X∗i Ari Xi
)1/r
. (20)
Thus it follows from (17), (18) and (20) that
n∑
i=1
αiX
∗
i AiXi =
n∑
i=1
αi
(
X∗i Ari Xi
)1/r (21)
and
n∑
i=1
αi
(
X∗i Ari Xi
)1/r =
(
n∑
i=1
αiX
∗
i A
r
i Xi
)1/r
. (22)
Now it follows from (19) and (21) that(
X∗i AiXi
)r = X∗i Ari Xi for i = 1, . . . , n,
and it follows from (22) and the equality condition in (4) that
X∗i Ari Xi = X∗jArjXj for i, j = 1, . . . , n.
This proves the “only if part” of the proposition. The “if” part is obvious, and so
the proof is complete. 
Our final lemma, which extends Lemma 4, plays a central role in our main equal-
ity result.
Lemma 5. Let A,B ∈ Cp for some p with 1  p <∞. If A is self-adjoint, B 
0,±A  B, and ‖A‖p = ‖B‖p, then |A| = B.
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Proof. Since A is self-adjoint, H can be decomposed as H = H+ ⊕H− so that
A =
[
A+ 0
0 −A−
]
,
where A+ and A− are positive operators on H+ and H−, respectively. Let
B =
[
B1 B2
B∗2 B3
]
relative to the decomposition H = H+ ⊕H−. Since B  ±A, it follows that[
B1 − A+ B2
B∗2 B3 + A−
]
 0 and
[
B1 + A+ B2
B∗2 B3 − A−
]
 0. (23)
Consequently,
B1  A+ and B3  A−. (24)
By the pinching inequality (see, e.g., [1, p. 97] or [2, p. 94]), (24), and the min-max
principle, we have
‖B‖p 
∥∥∥∥
[
B1 0
0 B3
]∥∥∥∥
p
= (‖B1‖pp + ‖B3‖pp)1/p

(‖A+‖pp + ‖A−‖pp)1/p
= ‖A‖p. (25)
Now suppose that ‖A‖p = ‖B‖p. Then it follows from (24) and (25) that
‖B1‖p = ‖A+‖p and ‖B3‖p = ‖A−‖p . (26)
According to Lemma 4, it follows from (24) and (26) that
B1 = A+ and B3 = A−.
Now, in view of (23), we have B2 = 0, and so B = |A|, as required. 
Now we are in a position to prove our main equality result. In the following prop-
osition, we give a necessary and sufficient equality condition of a particular case of
inequality (12) for self-adjoint operators and for the Schatten p-norms.
Proposition 3. Let Ai,Xi ∈ B(H) such that Ai is self-adjoint, i = 1, . . . , n,∑n
i=1 X∗i Xi  I , r  1, and
∑n
i=1 X∗i |Ai |rXi ∈ Cp for some p with 1  p <∞.
Then ∥∥∥∥∥
∣∣∣∣∣
n∑
i=1
X∗i AiXi
∣∣∣∣∣
r∥∥∥∥∥
p
=
∥∥∥∥∥
n∑
i=1
X∗i |Ai |rXi
∥∥∥∥∥
p
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if and only if∣∣∣∣∣
n∑
i=1
X∗i AiXi
∣∣∣∣∣
r
=
n∑
i=1
X∗i |Ai |rXi.
Proof. It follows from (2) and (6) that∥∥∥∥∥
∣∣∣∣∣
n∑
i=1
X∗i AiXi
∣∣∣∣∣
r∥∥∥∥∥
p

∥∥∥∥∥
(
n∑
i=1
X∗i |Ai |Xi
)r∥∥∥∥∥
p
and ∥∥∥∥∥
(
n∑
i=1
X∗i |Ai |Xi
)r∥∥∥∥∥
p

∥∥∥∥∥
n∑
i=1
X∗i |Ai |rXi
∥∥∥∥∥
p
,
respectively. Thus, if∥∥∥∥∥
∣∣∣∣∣
n∑
i=1
X∗i AiXi
∣∣∣∣∣
r∥∥∥∥∥
p
=
∥∥∥∥∥
n∑
i=1
X∗i |Ai |rXi
∥∥∥∥∥
p
,
then we have∥∥∥∥∥
∣∣∣∣∣
n∑
i=1
X∗i AiXi
∣∣∣∣∣
r∥∥∥∥∥
p
=
∥∥∥∥∥
(
n∑
i=1
X∗i |Ai |Xi
)r∥∥∥∥∥
p
(27)
and ∥∥∥∥∥
(
n∑
i=1
X∗i |Ai |Xi
)r∥∥∥∥∥
p
=
∥∥∥∥∥
n∑
i=1
X∗i |Ai |rXi
∥∥∥∥∥
p
. (28)
Now it follows from (27) that∥∥∥∥∥
n∑
i=1
X∗i AiXi
∥∥∥∥∥
rp
=
∥∥∥∥∥
n∑
i=1
X∗i |Ai |Xi
∥∥∥∥∥
rp
. (29)
Since
±
(
n∑
i=1
X∗i AiXi
)

n∑
i=1
X∗i |Ai |Xi,
it follows from (29) and Lemma 5 that∣∣∣∣∣
n∑
i=1
X∗i AiXi
∣∣∣∣∣ =
n∑
i=1
X∗i |Ai |Xi. (30)
Also it follows from (28) and Proposition 1 that(
n∑
i=1
X∗i |Ai |Xi
)r
=
n∑
i=1
X∗i |Ai |rXi. (31)
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Thus, by (30) and (31), we have∣∣∣∣∣
n∑
i=1
X∗i AiXi
∣∣∣∣∣
r
=
n∑
i=1
X∗i |Ai |rXi.
The converse is trivial and the proof is complete. 
Based on Propositions 2 and 3, one can easily prove the following result.
Proposition 4. Let Ai,Xi ∈ B(H) such that Ai is self-adjoint, Xi is a contraction,
αi ∈ (0, 1), i = 1, . . . , n, with ∑ni=1 αi = 1, r > 1, and ∑ni=1 αiX∗i |Ai |rXi ∈ Cpfor some p with 1  p <∞. Then∥∥∥∥∥
∣∣∣∣∣
n∑
i=1
αiX
∗
i AiXi
∣∣∣∣∣
r∥∥∥∥∥
p
=
∥∥∥∥∥
n∑
i=1
αiX
∗
i |Ai |rXi
∥∥∥∥∥
p
if and only if∣∣∣∣∣
n∑
i=1
αiX
∗
i AiXi
∣∣∣∣∣
r
=
(
X∗j
∣∣Aj ∣∣Xj)r = X∗k |Ak|r Xk for j, k = 1, . . . , n.
Remark 3. The Schatten p-norm in the previous equality results cannot be replaced
by any unitarily invariant norm. In fact, it is easy to construct two-dimensional
examples for which these results do not hold for the usual operator norm.
4. Related power mean inequalities
In order to prove our main inequalities in this section, we appeal to an impor-
tant family of unitarily invariant norms called the Ky Fan norms and defined, for
A ∈ C∞, as
‖A‖(k) =
k∑
j=1
sj (A)
for k = 1, 2, . . . We need two interesting properties of these norms. The first proper-
ty, which is known as the Ky Fan maximum principle, says that for A ∈ C∞,
‖A‖(k) = max
k∑
j=1
∣∣〈Axj , yj 〉∣∣,
where the maximum is taken over all orthonormal k-tuples x1, . . . , xk and y1, . . . , yk
in H . The other property, which is known as the Ky Fan dominance principle,
asserts that if A ∈ C∞ and B ∈ C|||·||| such that ‖A‖(k)  ‖B‖(k) for k = 1, 2, . . . ,
then A ∈ C|||·||| and |||A|||  |||B||| (see, e.g., [1, pp. 76, 93] or [2, pp. 47, 82]).
192 O. Hirzallah, F. Kittaneh / Linear Algebra and its Applications 341 (2002) 181–193
Theorem 4. Let A,B,X ∈ B(H) such that A,B  0, X is self-adjoint, α ∈ (0, 1),
αA+ (1 − α)B  ±X, and r  1. Then∣∣∣∣∣∣∣∣∣|X|r+1∣∣∣∣∣∣∣∣∣  ∣∣∣∣∣∣αArX + (1 − α)XBr ∣∣∣∣∣∣ (32)
and ∣∣∣∣∣∣∣∣∣|X|r+2∣∣∣∣∣∣∣∣∣  ∣∣∣∣∣∣X(αAr + (1 − α)Br)X∣∣∣∣∣∣ (33)
for every unitarily invariant norm.
Proof. We will prove (32); the proof of (33) is similar. First we prove (32) for the
usual operator norm. Since X is self-adjoint, there exists a sequence {φn} of unit
vectors in H such that Xφn − λφn → 0 as n→∞, where |λ| = ‖X‖. Now, for
n = 1, 2, . . . , let
an =
∣∣α 〈(X − λI)φn,Arφn〉 + (1 − α) 〈Brφn, (X − λI)φn〉∣∣ .
Then, for n = 1, 2, . . . , we have∥∥αArX + (1 − α)XBr∥∥

∣∣〈(αArX + (1 − α)XBr)φn, φn〉∣∣
= ∣∣α 〈Ar(X − λI)φn, φn〉 + (1 − α) 〈(X − λI)Brφn, φn〉
+ λ (α 〈Arφn, φn〉+ (1 − α) 〈Brφn, φn〉)∣∣
 |λ| (α 〈Arφn, φn〉+ (1 − α) 〈Brφn, φn〉)− an
 |λ| (α 〈Aφn, φn〉r + (1 − α) 〈Bφn, φn〉r)− an (by Lemma 2)
 |λ| 〈(αA+ (1 − α)B) φn, φn〉r − an (by Jensen’s inequality)
 |λ| |〈Xφn, φn〉|r − an. (34)
Now, letting n→∞ in (34), we see that∥∥αArX + (1 − α)XBr∥∥  |λ|r+1 = ∥∥|X|r+1∥∥.
Next we prove (32) for any other unitarily invariant norm by a familiar procedure.
Assume that αArX + (1 − α)XBr ∈ C|||·|||, since otherwise the required inequal-
ity is trivially satisfied. Then, in particular, αArX + (1 − α)XBr is compact, and
so α(A)r(X)+ (1 − α)(X)(B)r = 0, where  : B(H)→ B(H)/C∞ is the ca-
nonical projection of B(H) onto the Calkin algebra B(H)/C∞, which is a C∗-alge-
bra, and hence it can be represented as an operator algebra. Consequently, by the
usual operator norm case of (32), it follows that |(X)|r+1 = 0. Thus (X) = 0,
which means thatX is compact, and so there exist an orthonormal basis {ej } ofH and
a sequence {λj } of real numbers such that |λ1|  |λ2|  · · ·  0 and Xej = λj ej for
j = 1, 2, . . . By the Ky Fan maximum principle, for k = 1, 2, . . . , we have∥∥αArX + (1 − α)XBr∥∥
(k)

k∑
j=1
∣∣〈(αArX + (1 − α)XBr) ej , ej 〉∣∣
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=
k∑
j=1
|λj |
(
α
〈
Arej , ej
〉+ (1 − α) 〈Brej , ej 〉)

k∑
j=1
|λj |
(
α
〈
Aej , ej
〉r + (1 − α) 〈Bej , ej 〉r) (by Lemma 2)

k∑
j=1
|λj |
〈
(αA+ (1 − α)B) ej , ej
〉r (by Jensen’s inequality)

k∑
j=1
|λj |
∣∣〈Xej , ej 〉∣∣r
=
k∑
j=1
|λj |r+1
= ∥∥|X|r+1∥∥
(k)
.
Now (32) follows from the Ky Fan dominance principle. This completes the proof of
the theorem. 
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